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Today’s Lecture

End-to-end policy optimization 
through back-propagation
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Learning Control Policies through Backpropagation
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So far, dynamics are assumed known and deterministic. 
Policy is assumed deterministic.
We solve for policy parameters     using back propagating (through time).
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Learning Control Policies through Backpropagation

What’s the problem?

backprop backpropbackprop

• Similar parameter sensitivity problems as shooting methods
• But no longer have convenient second order LQR-like method, because policy 

parameters couple all the time steps, so no dynamic programming
• Similar problems to training long RNNs with BPTT

• Vanishing and exploding gradients
• Unlike LSTM, we can’t just “choose” a simple dynamics, dynamics are chosen by 

nature
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• But no longer have convenient second order LQR-like method, because policy 

parameters couple all the time steps, so no dynamic programming

• Similar problems to training long RNNs with BPTT

• Vanishing and exploding gradients

• Unlike LSTM, we can’t just “choose” a simple dynamics, dynamics are chosen by 

nature
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What’s the problem?backprop

backprop

backprop

• Similar parameter sensitivity problems as shooting methods

• But no longer have convenient second order LQR-like method, because policy 

parameters couple all the time steps, so no dynamic programming

• Similar problems to training long RNNs with BPTT

• Vanishing and exploding gradients

• Unlike LSTM, we can’t just “choose” a simple dynamics, dynamics are chosen by 

natureSo far, dynamics are assumed known and deterministic. 
Policy is assumed deterministic.
We solve for policy parameters     using back propagating (through time).

c = c(u, x) c = c(u, x)

min
✓

TX

t=1

c(xt,⇡✓(xt))

✓



Dynamics are unknown. 
Policy is assumed deterministic.
We alternate solving for dynamics parameters     (standard regression) and 
solving for policy parameters     using back propagating (through time).

Learning Control Policies through Backpropagation

u0 u1

x0 x1 ...
xT

u = ⇡✓(x) u = ⇡✓(x)

min
✓

TX

t=1

c(xt,⇡✓(xt))

c = c(u, x) c = c(u, x)

✓
�

x = f�(x, u) x = f�(x, u)

c0 c1
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What’s the problem?backprop

backprop

backprop

• Similar parameter sensitivity problems as shooting methods

• But no longer have convenient second order LQR-like method, because policy 

parameters couple all the time steps, so no dynamic programming

• Similar problems to training long RNNs with BPTT

• Vanishing and exploding gradients

• Unlike LSTM, we can’t just “choose” a simple dynamics, dynamics are chosen by 

nature

Backpropagate directly into the policy?

backprop backpropbackprop

easy for deterministic policies, but also possible for stochastic policy (more on this later)

min
✓

TX

t=1

c(xt,⇡✓(xt))



Backpropagate directly into the policy?

backprop backpropbackprop

easy for deterministic policies, but also possible for stochastic policy (more on this later)

Learning Control Policies through Backpropagation

What’s the problem?

backprop backpropbackprop

• Similar parameter sensitivity problems as shooting methods
• But no longer have convenient second order LQR-like method, because policy 

parameters couple all the time steps, so no dynamic programming
• Similar problems to training long RNNs with BPTT

• Vanishing and exploding gradients
• Unlike LSTM, we can’t just “choose” a simple dynamics, dynamics are chosen by 

nature
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x0 x1 ...
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u = ⇡✓(x) u = ⇡✓(x)

What’s the problem?backprop

backprop

backprop

• Similar parameter sensitivity problems as shooting methods

• But no longer have convenient second order LQR-like method, because policy 

parameters couple all the time steps, so no dynamic programming

• Similar problems to training long RNNs with BPTT

• Vanishing and exploding gradients

• Unlike LSTM, we can’t just “choose” a simple dynamics, dynamics are chosen by 
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What’s the problem?backprop

backprop

backprop

• Similar parameter sensitivity problems as shooting methods

• But no longer have convenient second order LQR-like method, because policy 

parameters couple all the time steps, so no dynamic programming

• Similar problems to training long RNNs with BPTT

• Vanishing and exploding gradients

• Unlike LSTM, we can’t just “choose” a simple dynamics, dynamics are chosen by 

nature

c = c(u, x) c = c(u, x)

x = f�(x, u) x = f�(x, u)

min
✓

TX

t=1

c(xt,⇡✓(xt))

f�(x, u)
X

i

||f�(xi, ui)� x

0
i||2
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Backpropagate directly into the policy?

backprop backpropbackprop

easy for deterministic policies, but also possible for stochastic policy (more on this later)

Learning Control Policies through Backpropagation

What’s the problem?

backprop backpropbackprop

• Similar parameter sensitivity problems as shooting methods
• But no longer have convenient second order LQR-like method, because policy 

parameters couple all the time steps, so no dynamic programming
• Similar problems to training long RNNs with BPTT

• Vanishing and exploding gradients
• Unlike LSTM, we can’t just “choose” a simple dynamics, dynamics are chosen by 

nature

c0 c1

u0 u1

x0 x1 ...
xT

u = ⇡✓(x) u = ⇡✓(x)

W
h

at
’s

 t
h

e 
p

ro
b

le
m

?

ba
ck

pr
op

ba
ck

pr
op

ba
ck

pr
op

•
Si

m
ila

r 
pa

ra
m

et
er

 s
en

si
ti

vi
ty

 p
ro

bl
em

s 
as

 s
ho

ot
in

g 
m

et
ho

ds

•
Bu

t 
no

 lo
ng

er
 h

av
e 

co
nv

en
ie

nt
 s

ec
on

d 
or

de
r 

LQ
R

-li
ke

 m
et

ho
d,

 b
ec

au
se

 p
ol

ic
y 

pa
ra

m
et

er
s 

co
up

le
 a

ll 
th

e 
ti

m
e 

st
ep

s,
 s

o 
no

 d
yn

am
ic

 p
ro

gr
am

m
in

g

•
Si

m
ila

r 
pr

ob
le

m
s 

to
 t

ra
in

in
g 

lo
ng

 R
N

N
s 

w
it

h 
BP

TT

•
Va

ni
sh

in
g 

an
d 

ex
pl

od
in

g 
gr

ad
ie

nt
s

•
U

nl
ik

e 
LS

TM
, w

e 
ca

n’
t 

ju
st

 “
ch

oo
se

” 
a 

si
m

pl
e 

dy
na

m
ic

s,
 d

yn
am

ic
s 

ar
e 

ch
os

en
 b

y 

na
tu

re
W

h
at

’s
 t

h
e 

p
ro

b
le

m
?

ba
ck

pr
op

ba
ck

pr
op

ba
ck

pr
op

•
Si

m
ila

r 
pa

ra
m

et
er

 s
en

si
ti

vi
ty

 p
ro

bl
em

s 
as

 s
ho

ot
in

g 
m

et
ho

ds

•
Bu

t 
no

 lo
ng

er
 h

av
e 

co
nv

en
ie

nt
 s

ec
on

d 
or

de
r 

LQ
R

-li
ke

 m
et

ho
d,

 b
ec

au
se

 p
ol

ic
y 

pa
ra

m
et

er
s 

co
up

le
 a

ll 
th

e 
ti

m
e 

st
ep

s,
 s

o 
no

 d
yn

am
ic

 p
ro

gr
am

m
in

g

•
Si

m
ila

r 
pr

ob
le

m
s 

to
 t

ra
in

in
g 

lo
ng

 R
N

N
s 

w
it

h 
BP

TT

•
Va

ni
sh

in
g 

an
d 

ex
pl

od
in

g 
gr

ad
ie

nt
s

•
U

nl
ik

e 
LS

TM
, w

e 
ca

n’
t 

ju
st

 “
ch

oo
se

” 
a 

si
m

pl
e 

dy
na

m
ic

s,
 d

yn
am

ic
s 

ar
e 

ch
os

en
 b

y 

na
tu

re

c = c(u, x) c = c(u, x)

x = f�(x, u) x = f�(x, u)

min
✓

TX

t=1

c(xt,⇡✓(xt))

f�(x, u)
X

i

||f�(xi, ui)� x

0
i||2



Backpropagate directly into the policy?

backprop backpropbackprop

easy for deterministic policies, but also possible for stochastic policy (more on this later)

while dynamics are frozen!

Learning Control Policies through Backpropagation

What’s the problem?

backprop backpropbackprop

• Similar parameter sensitivity problems as shooting methods
• But no longer have convenient second order LQR-like method, because policy 

parameters couple all the time steps, so no dynamic programming
• Similar problems to training long RNNs with BPTT

• Vanishing and exploding gradients
• Unlike LSTM, we can’t just “choose” a simple dynamics, dynamics are chosen by 

nature
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u = ⇡✓(x) u = ⇡✓(x)
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What’s the problem?backprop

backprop

backprop

• Similar parameter sensitivity problems as shooting methods

• But no longer have convenient second order LQR-like method, because policy 

parameters couple all the time steps, so no dynamic programming

• Similar problems to training long RNNs with BPTT

• Vanishing and exploding gradients

• Unlike LSTM, we can’t just “choose” a simple dynamics, dynamics are chosen by 

nature
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Learning Control Policies through Backpropagation

Backpropagate directly into the policy?

backprop backpropbackprop

easy for deterministic policies, but also possible for stochastic policy (more on this later)

What’s the problem?

backprop backpropbackprop

• Similar parameter sensitivity problems as shooting methods
• But no longer have convenient second order LQR-like method, because policy 

parameters couple all the time steps, so no dynamic programming
• Similar problems to training long RNNs with BPTT

• Vanishing and exploding gradients
• Unlike LSTM, we can’t just “choose” a simple dynamics, dynamics are chosen by 
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• Unlike LSTM, we can’t just “choose” a simple dynamics, dynamics are chosen by 
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What’s the problem?backprop

backprop

backprop

• Similar parameter sensitivity problems as shooting methods

• But no longer have convenient second order LQR-like method, because policy 

parameters couple all the time steps, so no dynamic programming

• Similar problems to training long RNNs with BPTT

• Vanishing and exploding gradients

• Unlike LSTM, we can’t just “choose” a simple dynamics, dynamics are chosen by 

nature
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Challenges:
• Poor conditioning
•    couples actions across all steps-> no DP
• Chaining inaccurate dynamics naturally leads to errors

Learning Control Policies through Backpropagation

What’s the problem?

backprop backpropbackprop

• Similar parameter sensitivity problems as shooting methods
• But no longer have convenient second order LQR-like method, because policy 

parameters couple all the time steps, so no dynamic programming
• Similar problems to training long RNNs with BPTT

• Vanishing and exploding gradients
• Unlike LSTM, we can’t just “choose” a simple dynamics, dynamics are chosen by 

nature
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u = ⇡✓(x) u = ⇡✓(x)
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backprop

backprop

• Similar parameter sensitivity problems as shooting methods

• But no longer have convenient second order LQR-like method, because policy 

parameters couple all the time steps, so no dynamic programming

• Similar problems to training long RNNs with BPTT

• Vanishing and exploding gradients

• Unlike LSTM, we can’t just “choose” a simple dynamics, dynamics are chosen by 

nature
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What’s the problem?backprop

backprop

backprop

• Similar parameter sensitivity problems as shooting methods

• But no longer have convenient second order LQR-like method, because policy 

parameters couple all the time steps, so no dynamic programming

• Similar problems to training long RNNs with BPTT

• Vanishing and exploding gradients

• Unlike LSTM, we can’t just “choose” a simple dynamics, dynamics are chosen by 

nature

c = c(u, x) c = c(u, x)

x = f�(x, u) x = f�(x, u)

min
✓

TX

t=1

c(xt,⇡✓(xt))

✓



Learning Control Policies through ImitationLearning Control Policies
�� : x ⇥� u

Learning from Demonstra,ons:

x0

x1

x2
x3

u0
u1

u2

u3

min
�

�

i

||��(x
i)� ui||2

Training Data

input: 

output:

xi

ui

supervised learning

Learning Control Policies
�� : x ⇥� u

x0



Learning Control Policies through ImitationLearning Control Policies
�� : x ⇥� u

Learning from Demonstra,ons:

min
�

�

i

||��(x
i)� ui||2

Training Data

input: 

output:

xi

ui

supervised learning

Where does training data come from? 

•  Human demonstra,on 

•  Trajectory op,miza,on
Optimal controllers trained with trajectory optimization

Learning Control Policies
�� : x ⇥� u

x0



Learning Control Policies through Imitation
Even simpler…

generic trajectory 
optimization, solve 
however you want

• How can we impose constraints on trajectory optimization?

Guided policy search, Levine and Koltun 2013
Combining the benefits of function approximation and trajectory optimization, Mordatch and Todorov 2014

Joint trajectory and policy optimization (last week):



Learning Control Policies through Backpropagation

u0 u1

x0 x1 ...
xT

u = ⇡✓(x) u = ⇡✓(x)

min
✓

TX

t=1

c(xt,⇡✓(xt))

c = c(u, x) c = c(u, x)

x = f�(x, u) x = f�(x, u)

c0 c1

Challenges:
• Backproping through stochastic policies and stochastic environments
• Avoiding error accumulation through chaining of one step dynamics



This Lecture

• Backproping through stochastic policies and stochastic environments

• Re-parametrization trick

• Avoiding error accumulation through chaining of one step dynamics

• Use function approximation for action and state value functions to 
predict future returns so that you do not rely on your model for long 
chaining



Policy optimization
Deriving the Policy Gradient, Reparameterized

I Episodic MDP:

✓

s1 s2 . . . sT

a1 a2 . . . aT

RT

Want to compute r✓E [RT ]. We’ll use r✓ log ⇡(at | st ; ✓)
I Reparameterize: at = ⇡(st , zt ; ✓). zt is noise from fixed distribution.

I Only works if P(s2 | s1, a1) is known _̈

You get a reward when the jeannie appears
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Want to compute r✓E [RT ]. We’ll use r✓ log ⇡(at | st ; ✓)
I Reparameterize: at = ⇡(st , zt ; ✓). zt is noise from fixed distribution.

I Only works if P(s2 | s1, a1) is known _̈

You get a reward when the jeannie appears



Policy Optimization
Policy Optimization Problems

maximize
⇡

E⇡ [expression]

I Fixed-horizon episodic:
P

T�1
t=0 r

t

I Average-cost: lim
T!1

1
T

P
T�1
t=0 r

t

I Infinite-horizon discounted:
P1

t=0 �
t

r

t

I Variable-length undiscounted:
P

Tterminal�1
t=0 r

t

I Infinite-horizon undiscounted:
P1

t=0 rt



Episodic Settings
Episodic Setting

s0 ⇠ µ(s0)

a0 ⇠ ⇡(a0 | s0)
s1, r0 ⇠ P(s1, r0 | s0, a0)

a1 ⇠ ⇡(a1 | s1)
s2, r1 ⇠ P(s2, r1 | s1, a1)
. . .

a

T�1 ⇠ ⇡(a
T�1 | sT�1)

s

T

, r
T�1 ⇠ P(s

T

| s
T�1, aT�1)

Objective:

maximize ⌘(⇡), where

⌘(⇡) = E [r0 + r1 + · · ·+ r

T�1 | ⇡]

    : trajectory, a sequence of action states⌧



Parameterized Policies

• A family of policies indexed by parameter vector 

• Deterministic:

• Stochastic:

• Analogous to classification or regression with input   , output 

• Discrete action space: network outputs vector of probabilities

• Continuous actions space: network outputs mean and diagonal 
covariance of Gaussian

s a

✓ 2 Rd

a = ⇡(s, ✓)

⇡(a|s, ✓)



Parametrized policies
deterministic policy

a = ⇡✓(s)

s a



Parametrized policies
deterministic policy

stochastic continuous policy: 
usually unimodal Gaussian

a = ⇡✓(s)

s a s
µ✓(s)

�✓(s)

a ⇠ N (µ✓(s),�
2
✓(s))



Parametrized policies
deterministic policy

stochastic continuous policy: 
usually unimodal gaussian

discrete action space

go left
go right

a = ⇡✓(s)

s a s

s

µ✓(s)

�✓(s)

a ⇠ N (µ✓(s),�
2
✓(s))



How do we compute gradients?

• Numerically: finite differencing

Deriving the Policy Gradient, Reparameterized

I Episodic MDP:

✓

s1 s2 . . . sT

a1 a2 . . . aT

RT

Want to compute r✓E [RT ]. We’ll use r✓ log ⇡(at | st ; ✓)
I Reparameterize: at = ⇡(st , zt ; ✓). zt is noise from fixed distribution.

I Only works if P(s2 | s1, a1) is known _̈



How do we compute gradients?

• Numerically: finite differencing

• Score function gradient estimator (a.k.a. 
likelihood ratio gradient estimator)

Deriving the Policy Gradient, Reparameterized

I Episodic MDP:

✓

s1 s2 . . . sT

a1 a2 . . . aT

RT

Want to compute r✓E [RT ]. We’ll use r✓ log ⇡(at | st ; ✓)
I Reparameterize: at = ⇡(st , zt ; ✓). zt is noise from fixed distribution.

I Only works if P(s2 | s1, a1) is known _̈



Likelihood Ratio Policy Gradient

Taking the gradient w.r.t.     gives✓

r✓J(✓) = r✓

X

⌧

P [⌧ ; ✓]R(⌧)

J(✓) =
X

⌧

P [t; ✓]R(⌧)
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X

⌧

P [⌧ ; ✓]R(⌧)

J(✓) =
X

⌧

P [t; ✓]R(⌧)



Likelihood Ratio Policy Gradient

Taking the gradient w.r.t.     gives✓

=
X

⌧

P (⌧ ; ✓)
r✓P (⌧ ; ✓)

P [⌧ ; ✓]
R(⌧)

=
X

⌧

P (⌧ ; ✓)

P (⌧ ; ✓)
r✓P [⌧ ; ✓]R(⌧)

=
X

⌧

r✓P [⌧ ; ✓]R(⌧)

r✓J(✓) = r✓

X

⌧

P [⌧ ; ✓]R(⌧)

J(✓) =
X

⌧

P [t; ✓]R(⌧)



Likelihood Ratio Policy Gradient

Taking the gradient w.r.t.     gives✓

=

X

⌧

P (⌧ ; ✓)r✓ logP (⌧ ; ✓)R(⌧)

=
X

⌧

P (⌧ ; ✓)
r✓P (⌧ ; ✓)

P [⌧ ; ✓]
R(⌧)

=
X

⌧

P (⌧ ; ✓)

P (⌧ ; ✓)
r✓P [⌧ ; ✓]R(⌧)

=
X

⌧

r✓P [⌧ ; ✓]R(⌧)

r✓J(✓) = r✓

X

⌧

P [⌧ ; ✓]R(⌧)

J(✓) =
X

⌧

P [t; ✓]R(⌧)



Likelihood Ratio Policy Gradient

Taking the gradient w.r.t.     gives✓

Approximate with the empirical estimate for m sample paths under policy

=

X

⌧

P (⌧ ; ✓)r✓ logP (⌧ ; ✓)R(⌧)

=
X

⌧

P (⌧ ; ✓)
r✓P (⌧ ; ✓)

P [⌧ ; ✓]
R(⌧)

=
X

⌧

P (⌧ ; ✓)

P (⌧ ; ✓)
r✓P [⌧ ; ✓]R(⌧)

=
X

⌧

r✓P [⌧ ; ✓]R(⌧)

r✓J(✓) = r✓

X

⌧

P [⌧ ; ✓]R(⌧)

J(✓) =
X

⌧

P [t; ✓]R(⌧)

r✓J(✓) ⇡ ĝ =

1

m

mX

i=1

r✓ logP (⌧ (i); ✓)R(⌧ (i))



Decompose Path into States and Actions

Let’s	Decompose	Path	into	States	and	AcMons	

John	Schulman	&	Pieter	Abbeel	–	OpenAI	+	UC	Berkeley	
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Decompose Path into States and Actions

Let’s	Decompose	Path	into	States	and	AcMons	

John	Schulman	&	Pieter	Abbeel	–	OpenAI	+	UC	Berkeley	

T T

T

T

T



Gaussian Policy

Variance may be fixed    , or can also be parametrized

Policy is Gaussian,

The score function is

�2

a ⇠ N (µ(s; ✓),�2)

r✓ log ⇡✓(s, a) =
(a� µ(s; ✓))@µ(s;✓)@✓

�2



Likelihood Ratio Gradient: Intuition

n  Gradient	tries	to:	

n  Increase	probability	of	paths	with	

posiMve	R	

n  Decrease	probability	of	paths	with	

negaMve	R	

Likelihood	RaMo	Gradient:	IntuiMon	

rU(✓) ⇡ ĝ =

1

m

mX

i=1

r✓ logP (⌧ (i); ✓)R(⌧ (i))

!	Likelihood	raMo	changes	probabiliMes	of	experienced	paths,	
does	not	try	to	change	the	paths	(see	Path	DerivaMve	later)	

John	Schulman	&	Pieter	Abbeel	–	OpenAI	+	UC	Berkeley	

• Gradient tries to:
• Increase probability of  

paths with positive R
• Decrease probability of  

paths with negative R

r✓J(✓) ⇡ ĝ =

1

m

mX

i=1

r✓ logP (⌧ (i); ✓)R(⌧ (i))



Likelihood Ratio Gradient: Intuition

The reward function is a black box and dynamics are not used anywhere!
The world is a black box.

• Gradient tries to:
• Increase probability of  

paths with positive R
• Decrease probability of  

paths with negative R

n  Gradient	tries	to:	

n  Increase	probability	of	paths	with	

posiMve	R	

n  Decrease	probability	of	paths	with	

negaMve	R	

Likelihood	RaMo	Gradient:	IntuiMon	

rU(✓) ⇡ ĝ =

1

m

mX

i=1

r✓ logP (⌧ (i); ✓)R(⌧ (i))

!	Likelihood	raMo	changes	probabiliMes	of	experienced	paths,	
does	not	try	to	change	the	paths	(see	Path	DerivaMve	later)	

John	Schulman	&	Pieter	Abbeel	–	OpenAI	+	UC	Berkeley	

r✓J(✓) ⇡ ĝ =

1

m

mX

i=1

r✓ logP (⌧ (i); ✓)R(⌧ (i))



Likelihood Ratio Gradient Estimate

Likelihood	RaMo	Gradient	EsMmate	

John	Schulman	&	Pieter	Abbeel	–	OpenAI	+	UC	Berkeley	

Unbiased estimator:

T



Reduce Variance using a Critic
A critic provides an estimate of the expectation of the future reward as 
opposed to a single return sample!

Policy Gradient Formulas with Value Functions
I Recall:

r✓E⌧ [R] = E⌧

"
T�1X

t=0

r✓ log ⇡(at | st , ✓)
 

T�1X

t

0=t

r

t

0 � b(s
t

)

!#

⇡ E⌧

"
T�1X

t=0

r✓ log ⇡(at | st , ✓)
 

T�1X

t

0=t

�t

0�t

r

t

0 � b(s
t

)

!#

I Using value functions

r✓E⌧ [R] = E⌧

"
T�1X

t=0

r✓ log ⇡(at | st , ✓)Q⇡(s
t

, a
t

)

#

= E⌧

"
T�1X

t=0

r✓ log ⇡(at | st , ✓)A⇡(s
t

, a
t

)

#

⇡ E⌧

"
T�1X

t=0

r✓ log ⇡(at | st , ✓)A⇡,�(s
t

, a
t

)

#

I Can plug in “advantage estimator” Â for A⇡,�

I Advantage estimators have the form Return� V (s)

Use a function approximator for Q function or the advantage function.



Value Functions

Q

⇡,�(s, a) = E⇡

⇥
r0 + �r1 + �2

r2 + . . . | s0 = s, a0 = a

⇤

Called Q-function or state-action-value function

V

⇡,�(s) = E⇡

⇥
r0 + �r1 + �2

r2 + . . . | s0 = s

⇤

= E
a⇠⇡ [Q

⇡,�(s, a)]

Called state-value function

A

⇡,�(s, a) = Q

⇡,�(s, a)� V

⇡,�(s)

Called advantage function

Reduce Variance using a Critic
Q-function os state-action-value function:

State-value function:

Advantage function:

Value Functions

Q

⇡,�(s, a) = E⇡

⇥
r0 + �r1 + �2

r2 + . . . | s0 = s, a0 = a

⇤

Called Q-function or state-action-value function

V

⇡,�(s) = E⇡

⇥
r0 + �r1 + �2

r2 + . . . | s0 = s

⇤

= E
a⇠⇡ [Q

⇡,�(s, a)]

Called state-value function

A

⇡,�(s, a) = Q

⇡,�(s, a)� V

⇡,�(s)

Called advantage function

Value Functions

Q

⇡,�(s, a) = E⇡

⇥
r0 + �r1 + �2

r2 + . . . | s0 = s, a0 = a

⇤

Called Q-function or state-action-value function

V

⇡,�(s) = E⇡

⇥
r0 + �r1 + �2

r2 + . . . | s0 = s

⇤

= E
a⇠⇡ [Q

⇡,�(s, a)]

Called state-value function

A

⇡,�(s, a) = Q

⇡,�(s, a)� V

⇡,�(s)

Called advantage function



Q Actor-Critic

Lecture 7: Policy Gradient

Actor-Critic Policy Gradient

Action-Value Actor-Critic

Simple actor-critic algorithm based on action-value critic

Using linear value fn approx. Qw (s, a) = �(s, a)>w
Critic Updates w by linear TD(0)
Actor Updates ✓ by policy gradient

function QAC
Initialise s, ✓
Sample a ⇠ ⇡✓

for each step do
Sample reward r = Ra

s ; sample transition s

0 ⇠ Pa
s,·

Sample action a

0 ⇠ ⇡✓(s 0, a0)
� = r + �Qw (s 0, a0)� Qw (s, a)
✓ = ✓ + ↵r✓ log ⇡✓(s, a)Qw (s, a)
w  w + ���(s, a)
a a

0, s  s

0

end for
end function



How do we compute gradients?

• Numerically: finite differencing

• Score function estimator

• problems: high variance! In particular, as the policy becomes 
more and more deterministic, the variance explodes!

Deriving the Policy Gradient, Reparameterized

I Episodic MDP:

✓

s1 s2 . . . sT

a1 a2 . . . aT

RT

Want to compute r✓E [RT ]. We’ll use r✓ log ⇡(at | st ; ✓)
I Reparameterize: at = ⇡(st , zt ; ✓). zt is noise from fixed distribution.

I Only works if P(s2 | s1, a1) is known _̈



Variance in the gaussian case

x ⇠ N (µ(✓),�(✓))

=
(x� µ(✓))µ0(✓)

�

2
f(x)

Sample x : x = µ(✓) + z�, z ⇠ N (0, 1)

ĝ =
z�µ0(✓)

�2
f(µ(✓) + z�)

=
zµ0(✓)

�
f(µ(✓) + z�)

V(ĝ) = E[ĝ � g]2 = E
hzµ0(✓)

�
f(µ(✓) + z�)� g

i2

g = r✓ log p✓(x)f(x)



How do we compute gradients?

• Numerically: finite differencing

• Score function estimator

• Deep deterministic police gradients: giving up stochastic policies

Deriving the Policy Gradient, Reparameterized

I Episodic MDP:

✓

s1 s2 . . . sT

a1 a2 . . . aT

RT

Want to compute r✓E [RT ]. We’ll use r✓ log ⇡(at | st ; ✓)
I Reparameterize: at = ⇡(st , zt ; ✓). zt is noise from fixed distribution.

I Only works if P(s2 | s1, a1) is known _̈



Deep Deterministic Police Gradients

Using a Q-function

✓

s1 s2 . . . sT

a1 a2 . . . aT

z1 z2 . . . zT

RT

d

d✓
E [RT ] = E

"
TX

t=1

dRT

dat

dat
d✓

#
= E

"
TX

t=1

d

dat
E [RT | at ]

dat
d✓

#

= E
"

TX

t=1

dQ(st , at)

dat

dat
d✓

#
= E

"
TX

t=1

d

d✓
Q(st , ⇡(st , zt ; ✓))

#

Deriving the Policy Gradient, Reparameterized

I Episodic MDP:

✓

s1 s2 . . . sT

a1 a2 . . . aT

RT

Want to compute r✓E [RT ]. We’ll use r✓ log ⇡(at | st ; ✓)
I Reparameterize: at = ⇡(st , zt ; ✓). zt is noise from fixed distribution.

I Only works if P(s2 | s1, a1) is known _̈

Continuous control with deep reinforcement learning, Lilicrap et al. 2016

      : the return of a trajectoryR⌧



Deep Deterministic Police Gradients

Using a Q-function

✓

s1 s2 . . . sT

a1 a2 . . . aT

z1 z2 . . . zT

RT

d

d✓
E [RT ] = E

"
TX

t=1

dRT

dat

dat
d✓

#
= E

"
TX

t=1

d

dat
E [RT | at ]

dat
d✓

#

= E
"

TX

t=1

dQ(st , at)

dat

dat
d✓

#
= E

"
TX

t=1

d

d✓
Q(st , ⇡(st , zt ; ✓))

#

Deriving the Policy Gradient, Reparameterized

I Episodic MDP:

✓

s1 s2 . . . sT

a1 a2 . . . aT

RT

Want to compute r✓E [RT ]. We’ll use r✓ log ⇡(at | st ; ✓)
I Reparameterize: at = ⇡(st , zt ; ✓). zt is noise from fixed distribution.

I Only works if P(s2 | s1, a1) is known _̈

Continuous control with deep reinforcement learning, Lilicarp et al. 2016

This expectation refers to the actions after time t
      : the return of a trajectoryR⌧



Using a Q-function

✓

s1 s2 . . . sT

a1 a2 . . . aT

z1 z2 . . . zT

RT

d

d✓
E [RT ] = E

"
TX

t=1

dRT

dat

dat
d✓

#
= E

"
TX

t=1

d

dat
E [RT | at ]

dat
d✓

#

= E
"

TX

t=1

dQ(st , at)

dat

dat
d✓

#
= E

"
TX

t=1

d

d✓
Q(st , ⇡(st , zt ; ✓))

#

Deriving the Policy Gradient, Reparameterized

I Episodic MDP:

✓

s1 s2 . . . sT

a1 a2 . . . aT

RT

Want to compute r✓E [RT ]. We’ll use r✓ log ⇡(at | st ; ✓)
I Reparameterize: at = ⇡(st , zt ; ✓). zt is noise from fixed distribution.

I Only works if P(s2 | s1, a1) is known _̈

\pi(s_t;\theta)

Deep Deterministic Police Gradients

Continuous control with deep reinforcement learning, Lilicrap et al. 2016

      : the return of a trajectoryR⌧



Using a Q-function

✓

s1 s2 . . . sT

a1 a2 . . . aT

z1 z2 . . . zT

RT

d

d✓
E [RT ] = E

"
TX

t=1

dRT

dat

dat
d✓

#
= E

"
TX

t=1

d

dat
E [RT | at ]

dat
d✓

#

= E
"

TX

t=1

dQ(st , at)

dat

dat
d✓

#
= E

"
TX

t=1

d

d✓
Q(st , ⇡(st , zt ; ✓))

#

Deriving the Policy Gradient, Reparameterized

I Episodic MDP:

✓

s1 s2 . . . sT

a1 a2 . . . aT

RT

Want to compute r✓E [RT ]. We’ll use r✓ log ⇡(at | st ; ✓)
I Reparameterize: at = ⇡(st , zt ; ✓). zt is noise from fixed distribution.

I Only works if P(s2 | s1, a1) is known _̈

Deep Deterministic Police Gradients

Continuous control with deep reinforcement learning, Lilicrap et al. 2016

      : the return of a trajectoryR⌧

⇡(st; ✓))



Remember: Q learning

Definition



Remember: Q learning

Definition

Bellman equation



Remember: Q learning

Definition

Bellman equation

Using a deterministic policy



Remember: Q learning

Definition

Bellman equation

Using a deterministic policy

Deep Q learning:



Q learning in continuous action space

This optimization takes too long for continuous action spaces and has to be 
performed at every iteration:



Q learning in continuous action space

Idea! Instead of parametrizing Q let’s also parametrize the policy                   !

s DNN

DPG in Simulated Physics
I Physics domains are simulated in MuJoCo
I End-to-end learning of control policy from raw pixels s
I Input state s is stack of raw pixels from last 4 frames
I Two separate convnets are used for Q and ⇡
I Policy ⇡ is adjusted in direction that most improves Q

Q(s,a)

π(s)

as DNN a
(✓µ)

(✓Q)

a = µ(✓)



How do we compute gradients?

• Numerically: finite differencing

• Score function estimator

• Deep deterministic police gradients: giving up stochastic policies

• Pathwise derivatives

Deriving the Policy Gradient, Reparameterized

I Episodic MDP:

✓

s1 s2 . . . sT

a1 a2 . . . aT

RT

Want to compute r✓E [RT ]. We’ll use r✓ log ⇡(at | st ; ✓)
I Reparameterize: at = ⇡(st , zt ; ✓). zt is noise from fixed distribution.

I Only works if P(s2 | s1, a1) is known _̈



Pathwise derivatives for Gaussian samples

Consider normally distributed variable y



Pathwise derivatives for Gaussian samples

Reparametrization:

Consider normally distributed variable y

https://en.wikipedia.org/wiki/Inverse_transform_sampling

https://en.wikipedia.org/wiki/Inverse_transform_sampling


Pathwise derivatives for Gaussian samples

Sampling:  sample     and then deterministically generate y:⇠

https://en.wikipedia.org/wiki/Inverse_transform_sampling

Reparametrization:

Consider normally distributed variable y

https://en.wikipedia.org/wiki/Inverse_transform_sampling


Pathwise derivatives for Gaussian samples

Sampling:  sample     and then deterministically generate y:⇠

Reparametrization:

Consider normally distributed variable y



Pathwise derivatives for Gaussian samples

Compare to the score 
function gradient estimator:

Sampling:  sample     and then deterministically generate y:⇠

Reparametrization:

Consider normally distributed variable y

1

M

MX

i=1

r
x

log(p(y|x))g(y)



Pathwise derivatives for Gaussian samples

Sampling:  sample     and then deterministically generate y:⇠

The pathwise derivative makes use of the gradient of g!!
Of course, that assumes we know the function g (our reward function) 
and how it is related to our actions

Compare to the score 
function gradient estimator:

1

M

MX

i=1

r
x

log(p(y|x))g(y)



Pathwise derivative for Gaussian Policies

R should be known and differentiable
To propagate for more than 1 step, dynamics should be known and differentiable

Gaussian Policies:
a = µ(s, ✓) + z⇤�(s, ✓)

r✓Ez(R(a(✓, z)))

da

d✓
=

dµ(s, ✓)

d✓
+ z

d�(s, ✓)

d✓

Ez(R
0(a(✓, z))

da(✓, z)

d✓
)



Q learning in continuous stochastic action space

Now use stochastic policies using the reparametrization trick!

s DNN

DPG in Simulated Physics
I Physics domains are simulated in MuJoCo
I End-to-end learning of control policy from raw pixels s
I Input state s is stack of raw pixels from last 4 frames
I Two separate convnets are used for Q and ⇡
I Policy ⇡ is adjusted in direction that most improves Q

Q(s,a)

π(s)

as DNN

z

z ⇠ N (0, 1)

a = µ(s; ✓) + z�(s; ✓)
(✓µ)

(✓Q)

Learning Continuous Control Policies by Stochastic Value Gradients, Heess et al. 2016



Using a Q-function

✓

s1 s2 . . . sT

a1 a2 . . . aT

z1 z2 . . . zT

RT

d

d✓
E [RT ] = E

"
TX

t=1

dRT

dat

dat
d✓

#
= E

"
TX

t=1

d

dat
E [RT | at ]

dat
d✓

#

= E
"

TX

t=1

dQ(st , at)

dat

dat
d✓

#
= E

"
TX

t=1

d

d✓
Q(st , ⇡(st , zt ; ✓))

#

Learning Continuous Control Policies by Stochastic Value Gradients, Heess et al. 2016

Q learning in continuous stochastic action space



Q learning in continuous stochastic action space

SVG(0) Algorithm

I Learn Q� to approximate Q⇡,�, and use it to compute gradient estimates.

I Pseudocode:

for iteration=1, 2, . . . do

Execute policy ⇡✓ to collect T timesteps of data
Update ⇡✓ using g / r✓

PT
t=1 Q(st , ⇡(st , zt ; ✓))

Update Q� using g / r�

PT
t=1(Q�(st , at)� Q̂t)

2, e.g. with TD(�)
end for

N. Heess, G. Wayne, D. Silver, T. Lillicrap, Y. Tassa, et al. “Learning Continuous Control Policies by Stochastic Value Gradients”. arXiv
preprint arXiv:1510.09142 (2015)

SVG(0)

Learning Continuous Control Policies by Stochastic Value Gradients, Heess et al. 2016



End-to-end model based RL

...

r0 r1

s1s0

a0 a1

sT

r = R(a, s) r = R(a, s)

a = ⇡(s; z; ✓) a = ⇡(s; z; ✓)

s0 = f̂(s, a; ⇠;�) s0 = f̂(s, a; ⇠;�)

Re-parametrization trick for both policies and dynamics 

a = µ(s, ✓) + �(s, ✓)z



...

r0 r1

s1s0

a0 a1

sT

r = R(a, s) r = R(a, s)

a = ⇡(s; z; ✓) a = ⇡(s; z; ✓)

s0 = f̂(s, a; ⇠;�) s0 = f̂(s, a; ⇠;�)

s0 = f̂(s, a; ⇠;�)

a = ⇡(s; z; ✓)a = ⇡(s; z; ✓)

s0 = f̂(s, a; ⇠;�)

End-to-end model based RL
Re-parametrization trick for both policies and dynamics 



SVG(1) Algorithm

✓

s1 s2 . . . sT

a1 a2 . . . aT

z1 z2 . . . zT

RT

I Just learn dynamics model f

I Given whole trajectory, infer all noise variables

I Freeze all policy and dynamics noise, di↵erentiate through entire deterministic
computation graph

(1)End-to-end model based RL

R should be known and differentiable

Errors don’t accumulate! I don’t use the model to simulate experience, just to 
backprop gradients!

Learning Continuous Control Policies by Stochastic Value Gradients, Heess et al. 2016

Just learn dynamics model f

Given whole trajectory, infer all noise variables

SVG(1)

Given transition                      , infer (st, at, st+1) ⇣t = st+1 � f(st, at)

Freeze all policy and dynamics noise, differentiate through entire deterministic 
computation graph



End-to-end model based RL
SVG(1) Algorithm

✓

s1 s2 . . . sT

a1 a2 . . . aT

z1 z2 . . . zT

RT

I Instead of learning Q, we learn

I State-value function V ⇡ V ⇡,�

I Dynamics model f , approximating st+1 = f (st , at) + ⇣t

I Given transition (st , at , st+1), infer ⇣t = st+1 � f (st , at)

I Q(st , at) = E [rt + �V (st+1)] = E [rt + �V (f (st , at) + ⇣t)], and at = ⇡(st , ✓, ⇣t)

• Instead of Learning Q, we learn

• State-value function

• Dynamics model   , approximating

• Given transition                     ,   infer

•  

f

V ⇡ V ⇡,�

st+1 = f(st, at) + ⇣t

(st, at, st+1) ⇣t = st+1 � f(st, at)

Q(st, at) = E[rt + �V (st+1)] = E[rt + �V (f(st, at) + ⇣t)]

at = ⇡(st, ✓, ⇣t)
Learning Continuous Control Policies by Stochastic Value Gradients, Heess et al. 2016

SVG(1)



Re-parametrization trick for categorical distributions

Consider variable y following the K categorical distribution:

yk ⇠ exp((log pk)/⌧PK
j=0 exp((log pj)/⌧)

Categorical reparametrization with Gumbel-Softmax Sang et al. 2017



Re-parametrization trick for categorical distributions

Reparametrization:

Sampling:  sample u and then sample from                 to generate

Consider variable y following the K categorical distribution:

yk ⇠ exp((log pk)/⌧PK
j=0 exp((log pj)/⌧)

G(log p) yk

Categorical reparametrization with Gumbel-Softmax Sang et al. 2017

yk ⇠ G(log p) =
exp((log pk + ")/⌧)

PK
j=0 exp((log pj + ")/⌧)

, " = � log(� log(u)), u ⇠ U [0, 1]



Re-parametrization trick for categorical distributions

Reparametrization:

Sampling:  sample u and then sample from                 to generate

Consider variable y following the K categorical distribution:

In the forward pass you sample from the parametrized distribution

In the backward pass you use the soft distribution: 

yk ⇠ exp((log pk)/⌧PK
j=0 exp((log pj)/⌧)

G(log p) yk

Categorical reparametrization with Gumbel-Softmax Sang et al. 2017

yk ⇠ G(log p) =
exp((log pk + ")/⌧)

PK
j=0 exp((log pj + ")/⌧)

, " = � log(� log(u)), u ⇠ U [0, 1]
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Bacproping through discrete variables
For binary neurons:

forward pass backward pass

Straight-through sigmoidal

http://r2rt.com/binary-stochastic-neurons-in-tensorflow.html

http://r2rt.com/binary-stochastic-neurons-in-tensorflow.html


Bacproping through discrete variables

Categorical reparametrization with Gumbel-Softmax Sang et al. 2017

For categorically distributed neurons:

forward pass
backward pass



Summary

• Recap of estimating gradients

• Backpropagating through sampling using the reparametrization 
trick. More examples to follow on later lectures.


