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Most Reinforcement Learning literature: Learning policies without knowing how
the world works (model-free)

Model based RL: build a model from data and use it to sample experience as
opposed to just use experience by interacting with the world

Imitation learning: learn from a teacher -> most recent and successful formulations
suggest to train a classifier/regressor with data augmentation/scheduling to handle
compounding errors

Planners (e.g. Monte Carlo Tree Search)-> Search for actions while knowing how
the world works (model-based)->Search in Discrete space.

Imitation learning: learn from a planner: imitate MCTS to learn to play Atari games
better than what you would get from model-free RL

Sidd assumed he knew some simplified models of Physics and that allowed him to
do formidable look-aheads using MCTS and particle trajectories.



Today's lecture

« Optimal Control: Search for actions while knowing how the world works (model-based) ->
Search in Continuous space. (We will use derivates).



Today's lecture

* Optimal Control, trajectory optimization formulation

« Special but important case: Linear dynamics, quadratic costs
(LQR)

 iterative-LQR / Differential Dynamic programming for Non-linear
dynamical systems

 Examples of when it works and when it does not

« Learning Dynamics: Global Models



Next two lectures

* Learning Dynamics: Local Models

e Learning local or global controllers with a trust region based on KL
divergence of their trajectory distributions (i-LQR, TRPO)

* Imitating Optimal Controllers to find general policies: execute
desired task from any initial state

» Successful examples from the literature



Optimal Control (Open Loop)

* The optimal control problem:

T

min E Ct(CEt,Ut>
T,U
t=0
S.T. To = T

Lt+1 = f(:vt,ut) t = O, ,T — 1



Optimal Control (Open Loop)

* The optimal control problem:

T
min C
o Z t(xtaut)
t=0
S.T. To = T
xt—l—l :f(ZUt,U,t) t:O,,T— 1
e Solution:

Sequence of controls wand resulting state sequence

* |In general non-convex optimization problem, can be solved with
sequential convex programming (SCP): https://stanford.edu/class/
ee364b/lectures/seq slides.pdf



https://stanford.edu/class/ee364b/lectures/seq_slides.pdf
https://stanford.edu/class/ee364b/lectures/seq_slides.pdf

Optimal Control (Closed Loop a.k.a. MPC)

Given: xg
Fort=0,1,2,..,T

T

min Z Ci (ij, uk)
T, U

k=t
S.t. Try1 = f(:z:k,uk), Vk € {t,t—|— 1,....17 — 1}

Tt = Tt

« Solve

- Execute uy
» Observe resulting state, T+y1

« |nitialize with solution from ¢ — 1 to solve fast at time ¢



Shooting methods vs collocation methods

Collocation Method: optimize over actions and state, with constraints

Diagram: Sergey Levine



Shooting methods vs collocation methods

Shooting Method: optimize over actions only

min c(xq,uq) + c(f(x1,ur),us) + - -+ c(f(f(...)...), ur)

Ugy..., uT

Indeed, x are not necessary since every u results (following the dynamics)
in a state sequence X, for which in turn the cost can be computed

Not clear how to initialize in a way that nudges towards a goal state

Diagram: Sergey Levine



Bellman's Curse of Dimensionality

* n-dimensional state space

 Number of states grows exponentially in n (for fixed number of
discretization levels per coordinate)

e |n practice

Discretization is considered only computationally feasible up to
5 or 6 dimensional state spaces even when using

Variable resolution discretization

Highly optimized implementations



Linear case: LQR

- Very special case: Optimal Control for Linear Dynamic Systems and Quadratic
Cost (a.k.a. LQ setting)

- Can solve continuous state-space optimal control problem exactly
- Running time: O(Tn?)

Ui,..., ur / \
10 x 1" X x, 1"
X t t ¢
f(Xtaut) Ft[ui]—l—ft C(Xtaut) 5[111&] Ct[ut]+[ut] Ct

linear quadratic



Linear dynamics: Newtonian Dynamics

o Tt41 — T¢ -+ At$t -+ AtQFm
o Yrr1 = Y + Aty + AtPF,
¢ jjt—l—l — il.ﬁt —|- AtFx

© Ut+1 = Yt + AlF,



What Is the state x”?

In most robotic tasks, state is hand engineered and includes:
e position and velocities of the robotic joints

e position and velocity of the object being manipulated

Those are both known: the robot knows its state and we perceive the state
of the objects in the world. In tasks where we do not even want to bother
with object state, we just concatenate the robotic state across multiple time
steps to implicitly infer the interaction (collision with the object)

Later lecture: learning the state from raw pixels, Embed to Control



What is the cost c(xy, uy)

oz, ur) = ||z — 27| + Bluel]

r™ is a final goal configuration | want to achieve

* In the final time step, you can add a term with higher weight:
Final cost  c(zr,ur) = 2(|lzr — 2™ + Bllurl)

 For object manipulation, =™ includes not only desired pose of the
end effector but also desired pose of the objects



Linear Quadratic Regulator (LQR)

Definitions:
Q(z+, u:): optimal action value function, cost-to-go at state x: executing controlu;

V (x;): optimal state value function, cost-to-go from state x;
V(xy) = min Q(z, uy)

Ut



Linear Quadratic Regulator (LQR)

Value iteration: backward propagation!
Start from urand work backwards



Linear Quadratic Regulator (LQR)

T T
1
c(thut) — _ [ %t ] C; [ Xt ] 4+ [ Xt ] c; only term that
2 | w uy uy depends on ur
Xt
_F £ .
Fxe, ) =B [ u, ] T Cost matrices
Value iteration: backward propagation! for the last time step:
Start from w7 and work backwards Cr = { ng,xT ng,uT }

1 g T
Q(XTaUT):COHSt‘Fi[ﬁ;] CTIET]—F[XT] CT CT:[CXT]



Linear Quadratic Regulator (LQR)

minc(x1,w) + e(f(x1,u1), ug) + -+
ui,....ur
1| x r X X r
= t t t

Value iteration: backward propagation!
Start from urand work backwards

T T
1 XT XT XT
,ur) = const + - C
Q(XT UT) const + 5 [ wr ] T [ wr ] + |: ur ] CT

T
VUTQ(XT7 uT) — CUT,XTXT T CUT;uTuT -+ Cur = 0
—1
uT — _CUT,UT (CuT:XTXT —|_ CuT)

ur = Krxr + kr

Kr=-C! C

ur.,ur ur,Xr

kT — —C_l Cu

ur.,ur T

)e), ur)

J

T

only term that
depends on ur

Cost matrices
for the last time step:

CT — |: CXT;XT CXT,UT :|

CHT,XT CUT,UT



Linear Quadratic Regulator (LQR)

Remember: V(z;) = mm Q(xs, us)

Substituting the m|n|m|zer ur into Q(xr,ur) gives us V(xrp)!

B 1 XT g XT XT g
Vixr) = const—|—§ [ Korxr + ki ] Cr [ ]+[ CT

1 1 1 1

1
x1 K7+ Cuyp upr KT + 2x§ch w k1 + xhey, +x1Kley, + const

1
V(xr) = const + §X§VT><T + x v V1 = Cyxpxp + Cxpur Kt + KrCuypoxp + KLCuypou, Kr

VT = Cx, T+ CXT,UTkT + KgcuT + K¥CUT,UTkT



Linear Quadratic Regulator (LQR)

We propagate the optimal value function backwards!!

T T
L] xp—y ] [ XT-1 ] [ XT-1 ]
X7_1,Ur_1) = const+ — Cr_ + cr_1+VI(f(xr—1,ur—
Qxr_1ur1) o] S T B R Bl IR 1 )

)
( 1 \

V(xr) = const + §X¥VTXT + XtV

q«(s,a) =r(s,a) +~ Z T(s'|s,a)v.(s")
s’'eS

We can eliminate x_T by writing only in terms of quantities of T-1!

X7 _
Flxrosur_) =xr = Fry | 304 |+t
T—1

T T T
1| x4 e X7T_1 XT_1 T XT_1 T
V(x7) = const + — F+ . VrFp_ 4 Fr_ Vprtr_1 + Fr_ v,
(T) 2[11T—1] T-1¥ITET 1[11'1“—1 ur_1q T-1 ¥V TH-1 ur_1q r=1

quadratic linear linear

We have written V(x7) only in terms of x7_1, upr_1 !



Linear Quadratic Regulator (LQR)

T T
L] x4 XT-1 XT-1
X7_1,Ur_1) = const—+— Cr_ + cr1+V(f(xp—1,ur—
Qxr_1,ur 1) slar | ora | 5 [+ | er Ve, )

ur—1 ur—1 ur—1 ur—1
guadratic linear

T T T
1
V(XT) — const + 5 [ AT-1 ] F%_lVTFT_l [ AT-1 ] -+ [ AT-1 ] F%_lvaT—l + [ AT-1 ] F%_1V;

linear

T T
L] xp_q XT-1 XT-1
X7T-1,Ur—1) = const + — _ + _
Q(x7-1,ur-1) 5 [ wr ] Qr-1 [ ar ap_, | A1

Qr-1=Cr_1+F7_VrFr_;
Qr-1=cr_1+ Fo_ Vofr i + FA4_ vy

We have written optimal action value function Q(x7—1, wr—1) only in terms of
TT—1,UT—1!

T
Var 1 Qxr—1,ur-1) = Quy 1 xr 1 X7-1 + Quy 1 jup_,UT—1 +dy,. , =0

_ —1 — —1
ur_1 = Kyp_1xp_1 +kp Kro1=-Qu;  ur Qur_1,xr_ kr-1=-Qu, , ur_,Qur_;



Linear case: LQR

Backward recursion

fort =1 to 1:
Q, =C; +F;,V,F,
q: = C¢ + F;,TVH—lft + FtTVt+1

1| x r X X T
Q(Xtaut):COHSt‘|—§[ t] Qt[ t]+[ t} op

we know x_ 0

Uy Uy Uy
u; < argmin Q(x¢, us) = Kyxy + ky Forward recursion
—1
K; = _Qut,ut Qu, x, fort=1toT:
kt — —Ql_ltl,utqm; U; = KtXt —+ kt
Vt — th,xt + th,uth _I_ KgQut,xt + K;Qut,uth Xt—|—1 — f(th ut)

Vt — th —|_ th,utkt + K?Qut —|_ K?Qut,utkt

1
V(Xt) — const + §X$Vtxt + X?Vt

Diagram: Sergey Levine



Stochastic dynamics

Same control solution u: = Kix: + k¢ for stochastic but Gaussian dynamics:
X
f(xe,ur) = Fy { t} + 1
L1 P(ﬂftﬂ‘mt, Ut)

p(Tet1|me, ut) :N<Ft {xt] + 1y, Zt>

Ut



Non-linear case:Use iterative approximations!

First order Taylor expansion for the dynamics around a trajectory i:,d:t=1---T':

L A X; — X
f(xe, ) = f(x¢, 0y) +th,utf(xtaut) [ ut B ! ]
t — U¢

Second order Taylor expansion for the cost around a trajectory 3, a,t=1---T:

~ ~ T ~
A A A A X _X 1 X _X A A X _X
C(Xtaut) ~ C(Xtﬂut)—l_vxtautc(xt?ut) [ U-Z . ﬁ-i ]+§ [ uz _ ﬁz ] vit,utc(xt?ut) [ U-Z . ﬁ-i ]

_ 5%y ] 1 oxe |17 o [ ox x|
f(éXt, 5ut) == Ft 51115 C((SXt, 511,5) = 5 51115 Ct 511t + 5ut Ct
- - -
th;ut f()%tJ ﬁt) V}Qct,utc(ﬁtv ﬁt) vXt;UtC(ﬁtv ﬁt)

5Xt:Xt—3A(t _

X Now we can run LQR with dynamics f, cost ¢, state 0x;, and action duy
5111; — Ut — Ut



terative LQR (I-LQR)

Initialization: Given I, pick a random control sequence 1i...147 and obtain
corresponding state sequence Zg...ZT

until convergence:
Fi = Vg, u f(X¢,04) VE
ct = Vx, u,c(X¢, 0y) Vi
C, = Vit,utc(itv u;) Vt
Run LQR backward pass on state dx; = x; — X; and action du; = u; — 0, Vi

Run forward pass with real nonlinear dynamics and ws = U + K¢(x: — T7) + Kkt Vi

Update x; and 0; based on states and actions in forward pass V¢



terative LQR (I-LQR)

Initialization: Given I, pick a random control sequence 1i...147 and obtain
corresponding state sequence Zg...ZT

until convergence:

Fi = Vx, u, f(Xe,0¢) V2

Ct — vxt,utc(ita ﬁt) \V/t

=>
~

Find Aut,t — 1...I'so

; - that 1+ + Aus minimizes the
Ct = Vi, u. 0%, ) linear approximation
Run LQR backward pass on state dx; = x; — X; and action du; = u; — 0, Vi

Run forward pass with real nonlinear dynamics and us = Uy + K¢(x: — T7) + ki Vit

Update x; and 1u; based on states and actions in forward pass V¢

Gotothe ' =&+ Az, and @' = 4 + Awy



terative LQR (I-LQR)

I-LQR approximates Newton’s method for solving:

min c¢(xy,u1) + c(f(x1,uy),u2) + -+ c(f(f(...)...),ur)

ui,...,ur

Compare to Newton’s method for computing miny g(x):

until convergence:
g = Vxg(x)
H = Vig(%)
X ¢— arg min %(X —%)TH(x - %)+ gl (x — %)

X

Same as with Newton method, since the original objective is non-convex, the
optimization can get stuck in local minima.

What are we missing to be exact Newton’s method?



Differential Dynamic Programming

Second order approximation for the dynamics:

f(Xt,ut) ~ f(itaﬁt)Jvat,utf(it»ﬁt) [ o ]Jrl (V?‘t’“tf(&tjﬁt). [ o ]) [ o ]

5ut

The resulting method is called differential dynamic programming.

Reference: Jacobson and Mayne, “Differential dynamic programming”, 1970



Nonlinear case: DDP/iterative LQR

The quadratic approximation in invalid too far away from the reference trajectory

1
X — arg min §(x —%)'H(x - %)+ gl (x — %)

X

Instead of finding the argmin i do a line search

until convergence:

Ft — vxt,utf()%'tj ﬁt)
ct — vxt,utc(fcta ﬁt)

C, = V3, o c(X¢, )

line search for \alpha

Run LQR backward pass on state dx; = x; — X; and action du; = u; — iy

Run forward pass with real nonlinear dynamics and u; = @y + Ky (xy — T7) + aky

Update x; and 0; based on states and actions in forward pass

More principled ways of doing this for stochastic policies in the next lecture



Nonlinear case: DDP/iterative LQR

« So far we have been planning (e.g. 100 steps) and then we close our eyes
and hope our modeling was accurate enough..

« At convergence of iLQR and DDP, we end up with linearization around the
(state, input) trajectory the algorithm converged to.

* |n practice: the system could not be on this trajectory due to perturbations /
initial state being off / dynamics model being off / ...

« (Can we handle such noise better?



Model Predictive Control

* Yes! It we close the loop! Model predictive control!

« Solution: at time t when asked to generate control input u_t, we could re-
solve the control problem using iLQR or DDP over the time steps t through T

every time step:
observe the state x;

, .. t+T
use iLQR to plan uy, ..., ur to minimize Z;;t c(xyr, Uy )

execute action uy, discard Wy g, ..., Ui

* Re-planning entire trajectory is often impractical -> in practice: replay over
horizon H (receding horizon control)



-LQR: When it works

Synthesis and stabilization of complex
behaviors with online trajectory optimization

Yuval Tassa, Tom Erez and Emo Todorov

Movement Control Laboratory
University of Washington

IROS 2012

Synthesis and stabilization of complex behaviors with online trajectory

optimization, Tassa, Erez, Todorov, IROS 2012



-LQR: When it works

Cost: ||z — ™|

X

X
}\/ Direction for minimizing the cost

et

Lt

P



-LQR: When it doesn’t work

Due to discontinuities of contact, the local search fails! Solution?
Initialize using a human demonstration instead of random!

Learning Dexterous manipulation Policies from Experience and Imitation, Kumar, Gupta, Todorov, Levine 2016
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Learning Dynamics

So far we assumed we knew how the world works:  #(x¢, u;) = xe41

We used discrete or continuous searches (e.g., MCTS(samples) and i-
LQR(derivatives)) to look-ahead. We got good results, better than
model-free RL. Dynamics help.

However knowing the transition model (other than for rigid objects) is
unrealistic! In fact, we do not have good physics simulators easily
accessible for even basic things like turning a wheel. A huge part
(deformable objects, object interactions, etc ) we do not know how to
model well.

Even for rigid objects, where we know the equations of motion, we do
not know the coefficients, e.g., friction, mass etc.

Thus: instead of assuming them known, we need to learn dynamics.



Learning Dynamics

general parametric form (no

Newtonian Physics equations VS priors from Physics
knowledge)
System identification: when we assume the dynamics Neural networks: tons of unknown
equations given and only have few unknown parameters parameters
Much easier to learn but suffers from under- Very flexible, very hard to get it to

modeling, bad models generalize



Learning Dynamics: Regression

Search with learnt dynamics:
1. Run base policy mo(u¢|x¢)(e.g., random policy) to collect D = {(z,u,z');}
2. Learn dynamics model f(x, u)to minimize » || f(zs,us) — o}

1

3. Plan under the learnt dynamics to choose actions (e.g., MCTS or i-LQR)



Learning Dynamics: Regression

Search with learnt dynamics:

1. Run base policy mo(u¢|x¢)(e.g., random policy) to collect D = {(z,u,z');}

2. Learn dynamics model f(x, u)to minimize » || f(zs,us) — o}

3. Plan under the learnt dynamics to choose actions (e.g., MCTS or i-LQR)

Let’s apply it:
1. Arobot randomly interacts (pokes objects) and collects data (x,u,x’)

2. Fit dynamics model
3. Plan actions to accomplish a particular goal, e.g., push an object as far away as possible

What goes wrong:

state distribution
Part of the mismatch between
Sl dynamics learning

explored during _ :
step 1 and policy execution

Part of the state
space visited during

step 3 Py (Xt) 7 Do (Xt)




Learning Dynamics: DAGGER

1. Run base policy mo(ut|z¢)(e.g., random policy) to collect D = {(z, u, z');}

2. Learn dynamics model (2, u) to minimize »  ||f (@, u:) — x|’

3. Plan under the learnt dynamics to choose actions (e.g., MCTS or
I-LQR)

4. Execute those actions and add the resulting data {(z,u,z’');} to D



Learning Dynamics: DAGGER

1. Run base policy mo(ut|z¢)(e.g., random policy) to collect D = {(z, u, z');}

2. Learn dynamics model (2, u) to minimize »  ||f (@, u:) — x|’

3. Plan under the learnt dynamics to choose actions (e.g., MCTS or
I-LQR)

4. Execute those actions and add the resulting data {(z,u,z’');} to D

It is impossible our dynamic model to be perfect and tolerate long chaining.

It is also not biologically plausible, e.g., humans are very bad at predicting ball
collisions accurately.



| earning Dynamics: MPC

every N steps

1. Run base policy mo(u¢|x:) (e.g., random policy) to collect D = {(z,u,z');}

2. Learn dynamics model f(x,u)to minimize Z | f (2, u;) — 2|2
3. Plan under the learnt dynamics to choose actions (e.g., MCTS or i-LQR)
4. Execute the first planned action, observe resulting state =’ (MPC)

5. Append (z, u, z") to dataset D



| earning Dynamics (Summary)

« Regression problem: collect random samples, train dynamics, plan

Pro: simple, no iterative procedure

Con: distribution mismatch problem
« DAGGER: iteratively collect data, replan, collect data

Pro: simple, solves distribution mismatch

Con: open loop plan might perform poorly, esp. in stochastic domains
« MPC: iteratively collect data using MPC (replan at each step)

Pro: robust to small model errors

Con: computationally expensive, but have a planning algorithm
available



Examples of Learning Dynamics
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Learning Action-Conditioned
Dynamics

> Newtonian Physics F.I.o,m,k

Galileo: Perceiving Physical Object Properties by Integrating a Physics Engine with Deep
Learning, Wu et al.

Newtonian Image Understanding: Unfolding the Dynamics of Objects in Static Images,
Mottaghi et al.

> Predictive Physics  (F,X1..¢) = Ye+1-t+T



Learning Action-Conditioned Dynamics

\_ / . .

Predictive Visual Models of Physics for Playing Billiards,
K.F.*, Pulkit Agrawal®, Sergey Levine, Jitendra Malik, ICLR 2016



Learning Action-Conditioned Dynamics

. —3 |CNN

Problems:
* Forces are translation invariant!



Object-centric prediction

World-Centric Prediction

|
L Object-Centric Prediction
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CNN

F,...F, —

Forces applied to
the centered ball

- X¢41

Displacements of
the centered ball

63



Network Architecture

Lt4-1
decode3
decode-relu2

decode-relu1

[stm?2

lstm1

encode-relu2
encode-relu1

1

conv-relu4

Ft conv-relu3

conv-relu-pool2

conv-relu-pool1

!

Lt+2
decode3
decode-relu?2
decode-relut
lstm2

stm1
encode-relu2

encode-relu1

r 1

conv-relu4
Fiiq
conv-relu3

conv-relu-pool2

conv-relu-pool1

!

Xt—2 " X4

64



Test Time: Visual Imaginations

_______________________________________

For all objects i

° I °
simulator visual renderer

— Xit1 | >




Trajectory "Imagined” by the Model

&

Trajectory from Physics Simulator

Trajectory "Imagined” by the Model

Trajectory from Physics Simulator

Trajectory "Imagined” by the Model

<
~®

Trajectory from Physics Simulator
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Playing Billiards

O
O



Playing Billiards

O
O



Learning Action
Policy Learning Conditioned Dynamics




Handling uncertainty in prediction

CNN - X¢41

F1 c o o Ft S— Displacements of

the centered ball

Forces applied to
the centered ball

The model presented so far was deterministic: regression
It cannot handle uncertainty! Regression to the mean:

Solutions: \

« Gaussian Mixture Model

« Stochastic networks



Text/Handwriting Generation using RNNs

Machine generated sentence:

Begides these markets (notably a son of
numor).

Machine generated handwriting:

:
} 4 P ,~’J .‘ | > . '- ’. oy ‘

". ' [

Graves et al., Sutskever et al.



Text/Handwriting Generation using RNNs

Xt+1 Xt49
decode1 decode
lstm3

Graves et al



Learning Dynamics from Motion Capture

1 ;

Xt+1 Xt49
decode1 decode1
[stm3 > lstm3
lstm2 S lstm?2
lstm1 [stm1

>

enCOde1 encode']

noise noise

!

v

Graves et ab.
X4 Xt+1



Decoder

Recurrent

Encoder

Xt+1
decode3

decode-relu2
decode-relut
lstm2
lstm1
encode-relu2

encode-relu1

!

Xt+2

decode3
decode-relu2

decode-relu1

> [stm2

N
2

3 lstm1 ‘3
encode-relu2

encode-relu1

Xt+1
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Ground-truth ERD LSTM-3LR CRBM NGRAM GP

ERD R CREBH NGRAM Lt g

green: conditioning
blue: generation
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Video prediction under multimodal future distributions

e Stochastic networks

predicted optical flow next frame

L_,Wg
— = =

spatial
transformers




Video prediction under multimodal future distributions

Train it with (conditional) variational autoencoder

Generator \
predicted optical flow next frame
L> E> = \#
spatial
transformers

During training the loss is a
combination of KL divergence
and reconstruction loss of the
recognition network




Video prediction under multimodal future distributions

i3 Y g - -1 . \ \
bl : 3 :

A0 ‘ o ‘}\ 2 . : A i ‘

3| * 72 ’ | ] 6 )

m“

b




Video prediction under multimodal future distributions

green: input, red: sampled future motion field and
corresponding frame completion




Video prediction under multimodal future distributions

green: input
red: sampled
future
completion

more
future
completio
ns

green: input
red: sampled
future
completion

more
future
completio
ns




Global models

* Despite the abundance of research papers on the forecasting
problem, such approaches so far have not been successful in
aiding model predictive control

* Naturally, not all part of the state space will have accurate
dynamics, and such inaccuracies will be exploited buy the planner

 For MPC, local models currently dominate



Today's lecture

* Optimal Control, trajectory optimization formulation

« Special but important case: Linear dynamics, quadratic costs
(LQR)

 iterative-LQR / Differential Dynamic programming for Non-linear
dynamical systems

 Examples of when it works and when it does not

« Learning Dynamics: Global Models



Next two lectures

* Learning Dynamics: Local Models

e Learning local or global controllers with a trust region based on KL
divergence of their trajectory distributions (i-LQR, TRPO)

* Imitating Optimal Controllers to find general policies that do not
depend on initial state x_0O

» Successful examples from the literature



